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Abstract
We study the hadronic form factors of τ lepton decays τ → Kpi(η)ν. We compute one loop
corrections to the form factors using the chiral Lagrangian including vector mesons. The countert-
erms which subtract the divergence of the one-loop amplitudes are determined by using background
field method. In the vector form factor, K∗ resonance behavior is reproduced because the diagram
with a vector meson propagator is included. We fit the data of the hadronic invariant mass spec-
trum measured by Belle by determining some of the counterterms of the Lagrangian. Besides
the hadronic invariant mass spectrum, the forward-backward asymmetry is predicted. We also
study the effect of CP violation of a two Higgs doublet model. In the model, CP violation of the
neutral Higgs sector generates the mixing of CP even Higgs and CP odd Higgs. We show how
the mixing leads to the direct CP violation of the τ decays and predict the CP violation of the
forward-backward asymmetry.
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I. INTRODUCTION
The tau hadronic decays are unique as the decays can be useful for the search for the new
CP violation beyond the standard model [1–12] . CP violation in tau lepton semileptonic
decays has been searched in τ → ππν [13] and τ → Kπν [14, 15] modes. Recently, Belle
[15] puts constraint on the CP violation parameter of three Higgs doublet model with their
latest data. Babar [16] also searched CP violation of τ → Ksπ−ν(n)π0 (n > 0) and obtains
non-zero CP asymmetry which sign is opposite to the standard model prediction [17],[18].
In τ lepton system, another CP violating observable, e.d.m. (electric dipole moment) is also
searched [19].
To predict the direct CP violation of the hadronic τ decays, the strong phase shifts are
important quantities and the quantitative prediction on the strong phase shifts is neces-
sary when extracting the weak CP violating phases from the experimentally observed CP
asymmetries [6, 10, 11]. This is a reason why we study the hadronic form factors.
The hadronic form factors for the decay τ → Kπν and SU(2) isospin vector form factors
have been studied with various methods. The common future of them is the effects of vector
mesons (ρ,K∗) and higher resonances are included. In Ref.[5, 20], vector dominance models
are studied. One loop corrections to the SU(2) vector form factor are studied with the
resonance chiral theory in [21]. In Ref. [22–25] the τ → Kπν form factors are predicted
using the chiral theory combined with the dispersion relations. In our previous study, we
use the resonance chiral Lagrangian including the one loop corrections to the self-energy
of resonance [10]. We also note in the experimental study [26], the Breit-Wigner form for
several resonances is used to fit the data of the hadronic invariant mass spectrum.
In this paper, we use different approach from the previous study [10]. By using the chiral
Lagrangian including vector resonance [27], we compute the one loop corrections of pseu-
doscalar mesons to the form factors. Including the Feynman diagrams with a vector meson
propagator, one can reproduce the resonance behavior near the poles of the resonances while
keeping prediction at threshold region consistent with the chiral symmetry. Our Lagrangian
includes several new counterterms related to vector mesons in addition to the counterterms
which are present in chiral perturbation theory. The coefficients of the counterterms are
different from the chiral perturbation theory.
Since Belle and Babar reported the precise measurements of the branching fractions of
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τ− → Ksπ−ν [26], τ− → K−π0ν [30] and τ− → K−ην [31, 32], we can compare our
prediction of the hadronic invariant mass distribution with the experimental data. We have
determined the finite parts of the coefficients of counterterms so that the hadronic invariant
mass spectrum is reproduced.
Once the form factors are fixed, one can use them for predictions of various distributions
within the standard model (SM) and beyond. We first compute the angular distribution
and the forward-backward asymmetry (FBA) for τ → Kπν and τ → Kην in SM [33]. Fur-
thermore, CP violation of FBA is predicted with a two Higgs doublet model. In type II
two Higgs doublet model, within the tree level approximation, the charged Higgs couplings
with quarks and leptons are written in terms of Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix. However, if we take into account the one loop corrections to the masses of quarks and
leptons due to the neutral Higgs exchanged diagrams, CP violation of the neutral Higgs
sector becomes a new source of CP violation of the charged Higgs Yukawa couplings. We
show the CP violation of the type II two Higgs doublet model can be probed by the direct
CP violation of the τ hadronic decays.
The paper is organized as follows. In section II, we show the hadronic chiral Lagrangian
with the vector resonances which are relevant for the form factors. The counterterms are
also given. In section III, we compute the form factors. In section IV, we calculate the
hadronic invariant mass spectra of the decays τ → Kπ(η)ν. The spectra are compared
with the experimental data and the FBAs are predicted. In section V, we explain how CP
violation in neutral Higgs sector reveals itself in the charged Higgs Yukawa couplings in a two
Higgs doublet model. We also calculate the CP violation of FBA of the hadronic τ decays
and the numerical result is presented. Section VI is devoted to discussion and summary. In
appendix, we give some details of the derivation of the formulae used in the text.
II. CHIRAL LAGRANGIAN WITH VECTOR MESONS
The leading order O(p2) of chiral Lagrangian with η0− η8 mixing term and vector meson
mass term is given by,
L = f
2
4
Tr(DLUDLU
†) +BTr[M(U + U †)]− ig2pTr(ξMξ − ξ†Mξ†) · η0
+
1
2
∂µη0∂
µη0 − M
2
0
2
η20 +M
2
VTr
[
(Vµ − αµ
g
)2
]
, (1)
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where U is the chiral field which is given as U = exp(2iπ/f) = ξ2. π is SU(3) octet
pseudoscalar and B is a constant parameter. η0 is U(1)A pseudoscalar of which mass is
denoted by M0 and g2p is the coupling for η0 − η8 mixing. The covariant derivative for the
chiral field U is given by,
DLµU = (∂µ + iALµ)U, (2)
where the external gauge field of SU(3)L denoted by AL is introduced. Vµ is the vector
nonets and αµ is defined as,
αµ =
ξ†DLµξ + ξ∂µξ†
2i
,
= α0µ +
ξ†ALµξ
2
. (3)
The form of the mass term of vector mesons is identical to the that of the unitary gauge
fixed version of hidden local symmetry approach [27–29]. The kinetic term of the vector
mesons is not included in the leading order. This treatment is important when including
loop corrections in a systematic way. Note that we have added the chiral breaking term
by M = diag(mu, md, ms) for the pseudoscalar mesons. The chiral breaking term χ in the
isospin limit can be written in terms of the masses of π and K mesons as,
χ =
4BM
f 2
,
=


m2π 0 0
0 m2π 0
0 0 2m2K −m2π

 . (4)
A. η − η′ mixing
When computing the form factors for τ → Kη(′)ν, they are sensitive to the mixing angle
of η and η′, We first summarize the mixing of the octet and singlet pseudoscalar meson at
one-loop order. The self-energy correction for η0 and η8 sector in one loop is computed with
the interaction terms shown in Appendix D,
1
2
(
η8 η0
)z−188 p2 −M288 − δM288 M208 + δM208
M208 + δM
2
08 p
2 −M20



η8
η0

 , (5)
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where the tree level mass squared matrix elements M288 and M
2
08 are given by
4m2K−m2pi
3
and
2fg2p
B
√
3
(m2K −m2π) respectively. z88− 1, δM208, and δM288 are one loop corrections and they are
given by,
z88 = 1 + 6cµK − 8L
r
4
f 2
(2m2K +m
2
π)−
8Lr5
f 2
4m2K −m2π
3
,
δM208 = −
g2pf√
3B
[8m2K − 5m2π
3
µη8 + 2(4m
2
K − 3m2π)µK + 6µπm2π
+ 4(2m2K +m
2
π)t
r
3 + 8m
2
Kt
r
5
]
,
δM288 =
16m2K − 7m2π
9
µη8 +
16m2K − 6m2π
3
µK +m
2
πµπ
+
2g2pf
B
cos θ¯08 sin θ¯08(µη′ − µη)5m
2
π − 8m2K
3
√
3
+ 16Lr6
(2m2K +m
2
π)(4m
2
K −m2π)
3f 2
+ 32Lr8
m4π + 2(2m
2
K −m2π)2
6f 2
, (6)
where c = 1− M2V
g2f2
and µP denotes
m2P
32π2f2
log
m2P
µ2
, (P = π,K, η, η′). µ denotes renormalization
scale. We also introduce the notation; µη8 = µη cos
2 θ08 + µη′ sin
2 θ08. t
r
i (i = 3, 5) and
Lri (i = 4, 5, 6, 8) are the finite counterterms which are defined in Eq.(21) and Eq.(23). θ¯08
denotes the mixing angle at the leading order and is given by,
θ¯08 = −1
2
arctan
2|M208|
M20 −M288
. (7)
The self energy in Eq.(5) can be diagonalized with the following transformation,
η8
η0

 =

√z88 0
0 1



 cos θ08 sin θ08
− sin θ08 cos θ08



η
η′

 , (8)
where,
m2η 0
0 m2η′

 =

cos θ08 − sin θ08
sin θ08 cos θ08



 M288z88 + δM288 M208√z88 + δM208
M208
√
z88 + δM
2
08 M
2
0



 cos θ08 sin θ08
− sin θ08 cos θ08

 . (9)
We use the transformation Eq.(8) when we compute the form factors for τ → Kη(′)ν decays.
From Eq.(9), M0 and M08 are written by,
M20 = m
2
η +m
2
η′ −M288z88 − δM288,
√
z88M
2
08 + δM
2
08 = −
√
M200(M
2
88z88 + δM
2
88)−m2ηm2η′ . (10)
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Eq.(10) can be used to obtain the input values for M0 and M08 from the mass spectrum
when the finite counterterms are given. The mixing angle θ08 including the correction is also
given by,
θ08 = −1
2
arctan
2|M208
√
z88 + δM
2
08|
M20 −M288z88 − δM288
. (11)
When we compute the form factors related to η and η′ in one-loop order, the mixing angle
θ08 implies one-loop corrected one. The treatment is consistent with the rigorous one-loop
computation and the difference is at two loop order.
B. vector meson sector
Now we turn to the vector meson sector of the Lagrangian. The quantum corrections to
the chiral Lagrangian with vector mesons have been discussed in several works [21, 28, 29].
They study the vector meson loop correction in addition to the loop correction due to
pseudoscalar mesons. Our aim is to construct the effective theory which can be used to study
the process in which a single vector meson can be nearly on-shell. The corresponding energy
region for hadronic invariant mass is Eh < 2MV . For the hadronic τ decays, this approach is
valid in the energy region Eh < 1400 ∼ 1600(MeV). In the region, the vector meson does not
contribute to the loop diagram and only the light pseudoscalar mesons loop should be taken
into account. The loops of the soft pseudoscalar mesons can be systematically included using
the momentum and loop expansion. We regard the vector meson as the classical background
field. As for pseudoscalar mesons, we split them into hard classical background field and the
soft quantum fluctuation. For example, the decay products Kπ of K∗ meson decay have the
hard momentum Eh ∼ MV and they are treated as the classical background field. Though
the vector mesons do not contribute in the loop diagrams, they contribute to the amplitude
as intermediate dressed propagator which connects the 1 PI (Particle Irreducible) vertices
of vector mesons and pseudoscalar mesons. The self-energy of the vector meson and 1 PI
vertices with or without vector meson legs can be systematically improved by taking the
quantum corrections of the soft pseudoscalar meson loops into account. 1 PI vertices can
be renormalized by adding the counterterms. What kind of counterterms should be added
depends on the number of the pseudoscalar loops N and the number of the external legs of
the vector meson NV . We focus on the chiral limit. The number of the derivatives for the
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counterterms is determined by superficial degree of the divergence of the 1 PI diagrams. As
we prove later, the superficial degree of divergence of 1 PI diagram of N loop order and NV
external vector meson legs is given as,
ω = 2N + 2−NV . (12)
This formula tells us the types of the counterterms which should be added when we carry out
N loop order computation. In general, the local counterterms and the finite counterterms
can be classified with the number of derivative nd and the number of the vector mesons nV
in the Lagrangian. The interaction term with nd derivatives and with nV vector meson fields
has the form of,
L = F (ξ)∂ndV nV , (13)
where the Lorents indices are contracted appropriately. F (ξ) denotes some function of the
chiral field. The derivatives can act on both the chiral field and the vector field V . Since
the number of derivatives of the vertex of counterterms is equal to the superficial degree of
divergence ω, the divergence of the N loop order Feynman diagram with NV external vector
mesons can be subtracted by the counterterm with the following number of the derivatives
and the vector meson legs,
(nd, nV ) = (2N + 2−NV , NV ). (14)
In table I, we show (nd, nV ) for a given set of N and NV . The lowest order Lagrangian
corresponds to N = 0 case in the table I and it includes the interaction terms of the type,
(nd, nV ) = (2, 0), (1, 1), (15)
where (nd, nV ) = (1, 1) corresponds to the term of Tr[V
µαµ] in Eq.(1). The lowest order
Lagrangian includes mass term of the vector mesons while the kinetic term is not included.
This is in contrast to the approach of [28, 29] where the vector boson is treated as gauge
boson and the kinetic term is included in the leading order Lagrangian. The vertices of only
vector mesons do not contribute to vertices in any 1 PI loop diagrams since the vector meson
does not contribute in the loop diagram. Such vertices include the tree level mass term with
(nd, nV ) = (0, 2) and N loop order counterterms with (nd, nV ) = (0, 2N + 2) which has the
form V 2N+2. Now we prove Eq.(12). We consider a 1 PI diagram of N loop order. N loop
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N 0 1 2 N
nd + nV 2 4 6 2N + 2
NV
0 (2, 0) (4, 0) (6, 0) (2N + 2, 0)
1 (1, 1) (3, 1) (5, 1) (2N + 1, 1)
2 (0, 2) (2, 2) (4, 2) (2N, 2)
3 (1, 3) (3, 3) (2N − 1, 3)
4 (0, 4) (2, 4) (2N − 2, 4)
5 (1, 5) (2N − 3, 5)
6 (0, 6) (2N − 4, 6)
. ..
2N + 1 (1, 2N + 1)
2N + 2 (0, 2N + 2)
TABLE I: The number of the derivatives nd and the number of the vector meson external legs nV .
(nd, nV ) are shown for a given set of numbers of loop N and the number of the vector meson legs
NV .
order diagram includes the N loop diagrams with the tree vertex as well as the diagrams
with higher loop order vertices with the number of loop nL less than N . We denote the
number of n loop order type vertices with nd derivatives and nV vector meson fields included
in the diagram as n
(n)
v [nd, nV ]. Note that nd+ nV = 2n+2. The total number of the n loop
order interaction vertices in the 1 PI diagram is given by
N (n)v =
2nV +1∑
nV =0
n(n)v [2n + 2− nV , nV ]. (16)
Although in N loop order 1 PI diagram consists of the various loop order vertices, the number
of the vertices must satisfy the following relation
N = nL +
N∑
n=1
nN (n)v , (17)
The number of pseudoscalar meson internal propagator IB is written as,
IB =
N∑
n=0
N (n)v + nL − 1. (18)
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Then one can compute the superficial divergence ω of the 1 PI diagram,
ω = 4nL − 2IB +
N∑
n=0
2n+1∑
nV =0
(2n+ 2− nV )n(n)v [2n+ 2− nV , nV ]. (19)
The last term of Eq.(19) is the number of the derivatives of the diagram. Substituting
Eq.(18) and Eq.(17) into Eq.(19), one can show Eq.(12) as,
ω = 2N + 2−
N∑
n=0
2n+1∑
nV =1
nV n
(n)
v [2n+ 2− nV , nV ],
= 2N + 2−NV . (20)
In the same way as the chiral perturbation theory, we rely on the momentum expansion.
Because the loop momentum of the pseudoscalar mesons is soft, the expansion is valid. In
the Lagrangian, there is no kinetic term for the vector meson at the leading order. The
kinetic term is generated as the loop correction of the pseudoscalar mesons. According to
Eq.(12), one can extend the chiral counting to the case with vector mesons. In generalized
chiral counting, the vector meson field Vµ is counted as O(p) and the chiral breaking χ is
counted as O(p2). The couterterms for O(p4) are obtained by computing divergent part of
the one loop corrections due to pseudoscalar mesons. We use the background field method
and the corrections can be computed and the counterterms can be determined so that they
are consisitent with chiral symmetry [34]. The outline of the derivation is shown in Appendix
9
A and they are given by,
Lc = K12iTr(α⊥µα⊥ν)(Dµvν −Dνvµ + i[vµ, vν ])
− 1
2
(
K2Tr(ξ
†FLµνξ)(Dµvν −Dνvµ + i[vµ, vν ]) +K3Tr(Dµvν −Dνvµ + i[vµ, vν ])2
)
+
4B
f 2
(
K4Tr{(ξMξ + ξ†Mξ†)v2}+K5Tr{M(U + U †)}Tr(v2)
)
+ K6Tr(vρα
µ
⊥)Tr(v
ρα⊥µ) +K7Tr(v
2α⊥µα
µ
⊥) +K8Tr(v
2)Tr(α⊥µα
µ
⊥)
+ K9{Tr(v2)}2 +K10Tr(v4)
+ iη0T1
g2p
f 2
Tr{(ξMξ − ξ†Mξ†)v2}+ iη0T2g2p
f 2
Tr{M(U − U †)}Tr(v2)
+ T3
g2p
f 2
i
4B
f 2
η0TrM(U + U
†)TrM(U − U †) + T4
(
g2p
f 2
)2
η0
2
(
TrM(U − U †))2
+ iT5
4B
f 2
g2p
f 2
η0Tr(MUMU −MU †MU †)
+ T6
(
g2p
f 2
)2
η20Tr(MUMU +MU
†MU † − 2M2)
+ i
g2p
f 2
η0
[
T7Tr{M(DLµU(DµLU)†U − U †DLµU(DµLU)†)}
+ T8Tr(M(U − U †))Tr(DLµU(DµLU)†)
]
+ L1{Tr(DLµU(DµLU)†)}2 + L2Tr{DµLU(DνLU)†}Tr{DLµU(DLνU)†}
+ L3Tr{DµLU(DLµU)†DνLU(DLνU)†}
+ L4Tr(DLµU(D
µ
LU)
†)Tr{M(U + U †)}4B
f 2
+ L5Tr{DLµU(DµLU)†(UM +MU †)}
4B
f 2
+
16B2
f 4
{L6{TrM(U + U †)}2 + L7{TrM(U − U †)}2}
+ L8
16B2
f 4
Tr(MUMU +MU †MU †) + iL9Tr{FLµνDµLU(DνLU)†}
+ H1TrFLµνF
µν
L +H2
(
4B
f 2
)2
Tr(M2) +H3M
4
0 , (21)
where vµ =
M2V
2gf2
(Vµ − αµg ). The covariant derivative is defined as; Dµvν = ∂µvν + i[αµ, vν ].
α⊥ in Eq.(21) is given as,
α⊥µ =
ξ†DLµξ − ξ∂µξ†
2i
. (22)
10
k1 = 1 t1 = −6 Γ1 = 2c2+132 ∆1 = −18
k2 = 1 t2 = −2 Γ2 = 1+2c216 ∆2 = 524 +
g2
2pf
2
4B2
k3 = 1 t3 = −1118 Γ3 = 3(c
2−1)
16 ∆3 =
1
2
k4 =
3
2 t4 = −119 Γ4 = c8
k5 =
1
2 t5 = −56 Γ5 = 3c8
k6 = 4c t6 = −53 Γ6 = 11144 −
g22pf
2
24B2
k7 = 6c t7 = −3c2 Γ7 = 0
k8 = 2c t8 = − c2 Γ8 = 548 +
g2
2pf
2
8B2
k9 = −3 Γ9 = 14
k10 = −3
TABLE II: The coefficients of the counterterms; ki,Γi and ∆i. c = 1− M
2
V
g2f2
.
The coeffcients of the counterterms are splitted into the finite parts and divergent parts as,
Ki = λki +K
r
i (i = 1 ∼ 10),
Ti = λti + T
r
i (i = 1 ∼ 6),
Li = λΓi + L
r
i (i = 1 ∼ 9),
Hi = λ∆i +H
r
i (i = 1 ∼ 3), (23)
where,
λ = − 1
32π2
(CUV + 1− logµ2), (24)
with CUV =
1
ǫ
− γ + log 4π. The coefficients ki, ti,Γi and ∆i are given in the Table II.
From Eq.(21), we extract the effective counterterms which are relevant for the calculation
of the form factor of τ → Kπν decay. The effective counterterms which subtract the
divergence of the amplitudes which contains a vector meson in Fig.1, can be deduced from
the counterterms shown in Eq.(21). They are the counterterms for the self energy of vector
mesons, V → PP vertex, and the production amplitude of the vector meson; AL → V and
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are defined as,
Leffc = −
1
2
ZVTr(F
0
V µνF
0µν
V )
+ C1Tr
[
ξχξ + ξ†χ†ξ†
2
(Vµ − αµ
g
)2
]
+ C2Tr
(
ξχξ + ξ†χ†ξ†
2
)
Tr
[
(Vµ − αµ
g
)2
]
+ i
C3
f 2
Tr(F 0µνV ∂µπ∂νπ) + C4Tr(F
0µν
V F
0
Lµν), (25)
where F 0V µν = ∂µVν − ∂νVµ and F 0Lµν = ∂µALν − ∂νALµ.. ZV and Ci (i = 1, . . . , 4) are
renormalization constants. The coefficients Ci can be written in terms of the coefficients of
the counterterms of Eq.(21),
ZV = K3
(
M2V
2gf 2
)2
,
C1 = 2K4
(
M2V
2gf 2
)2
,
C2 = 2K5
(
M2V
2gf 2
)2
,
C3 =
M2V
gf 2
(K1 −K3 M
2
V
2g2f 2
),
C4 = − M
2
V
4gf 2
(K2 −K3 M
2
V
2g2f 2
). (26)
The finite parts of the counterterms also satisfy the relations similar to Eq.(26),
ZrV = K
r
3
(
M2V
2gf 2
)2
,
Cr1 = 2K
r
4
(
M2V
2gf 2
)2
,
Cr2 = 2K
r
5
(
M2V
2gf 2
)2
,
Cr3 =
M2V
gf 2
(Kr1 −Kr3
M2V
2g2f 2
),
Cr4 = −
M2V
4gf 2
(Kr2 −Kr3
M2V
2g2f 2
). (27)
One can extract the counterterms for the 1PI vertex of the type AL → PP . They are given
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as,
Lc1PI = i
C5
f 2
TrF 0Lµν∂
µπ∂νπ
+ i
{
−K4 1
2f 2
(
M2V
2g2f 2
)2
+ 4
L5
f 2
}
(TrALµ{[π, ∂µπ], χ})
+ i
{
8
L4
f 2
− K5
f 2
(
M2V
2g2f 2
)2}
TrALµ[π, ∂
µπ]Trχ
+
4L5i
f 2
TrALµ{∂µπ, [π, χ]}, (28)
where C5 and its finite part C
r
5 are given by,
C
(r)
5 =
M2V
2g2f 2
(−K(r)1 −K(r)2 +
M2V
2g2f 2
K
(r)
3 ) + 4L
(r)
9 . (29)
We briefly comment on an intrinsic parity violating interaction and its contribution to
the vector meson self-energy. After quarks are integrated out, the intrinsic parity violating
interaction term of two vector mesons and a pseudoscalar meson can be generated. One
may wonder if there is some contribution to the self-energy of K∗ meson due to one loop
diagram of a vector meson and a soft pion with the intrinsic parity violating vertex of
K∗ → K∗π and K∗ → ρK. However, the vertex with a soft pseudoscalar meson is absent as
the reason is given below. When the background field satisfies the equation motion , the first
variation with respect to the soft pion quantum fluctuation ∆ vanishes in the interaction
Lagrangian. We have shown this in Eq.(A8) and Eq.(A10) for the intrinsic parity conserving
case. This conclusion does not change even the intrinsic parity violating terms are included
in the Lagrangian. Then the vertex with two vector mesons and a soft pion is absent and
the vector meson loop with the soft pion does not contribute to the self-energy of vector
mesons.
III. THE FORM FACTORS AT O(p4)
In this section, we compute the form factors. The matrix elements of the current u¯γµs
are obtained by identifying the quark current with the corresponding current of the chiral
Lagrangian, Eq.(1) and Eq.(21). In τ → Kπν process, K∗ meson which is produced by
the strangeness changing current can contribute to the vector form factor. The resonant
contribution is significant when Kπ invariant mass is near to the resonance pole. In our
13
FIG. 1: Feynman diagrams which contribute to the form factors. The diagrams are classified into
two categories , one of them corresponds to 1 particle irreducible diagram. The other is the diagram
with a vector meson propagator. The crossed circle denotes the weak vertex. The circle denotes
the interaction vertex of the vector meson and the two pseudo scalar mesons.
framework, the resonant contribution is included in the second diagram of Fig.1. We take
into account the resonance contribution by using the vector meson propagator with one-loop
corrections to self energy. Since the propagator have a pole in complex plane, the effect of
the width of resonance is also included. Thus we can reproduce the resonance behavior.
There are three parts of the diagrams of Fig.1. The first one is 1 particle irreducible (1 PI)
diagrams and the diagrams with one loop corrections are shown in Fig.2. They correspond
to the one loop corrections to W+ → K+π0 vertex. They include all the diagrams which
are also present in chiral perturbation within one loop. Their contributions to the matrix
element 〈K+π0|uLγµsL|0〉 become,
〈K+π0|uLγµsL|0〉
∣∣
1PI
=
− c
16
√
2f 2
[Qµ(3Iη8 + 2IK − 5Iπ) + 2qµ(3Iη8 + 8IK + 7Iπ)]
+
1
16
√
2f 2
(
1− M
2
V
2g2f 2
)[
χπKµ {(3− 5c)ΣKπ + 5cQ2}+ χη8Kµ {(−1 + 3c)ΣKπ − 3cQ2}
]
+
3
16
√
2f 2
(
1− M
2
V
2g2f 2
)2
(JπKµ + J
η8K
µ )−
1
2
√
2
(
1− M
2
V
2g2f 2
)
qµ(
√
zKzπ − 1)
+counterterms, (30)
where Q = pK + pπ and q = pK − pπ. ∆PQ denotes the mass squared difference
∆PQ = m
2
P − m2Q. ΣPQ denotes the sum of the mass squared ΣPQ = m2P + m2Q. The
loop functions IP , χ
QP
µ , J
QP
µ are given in Eq.(B1) and Eq.(B3). zK and zπ are finite wave
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function renormalization and they are given as,
zK = 1 + 3c(µK +
1
2
(µη8 + µπ))−
8
f 2
{Lr4(2m2K +m2π) + Lr5m2K},
zπ = 1 + c(2µK + 4µπ)− 8
f 2
{Lr4(2m2K +m2π) + Lr5m2π}. (31)
Including the finite part of the counter terms, the result of the 1 PI part is
〈K+π0|u¯LγµsL|0〉
∣∣∣
1PI
=
1
2
√
2
(qµ − ∆Kπ
Q2
Qµ)
[
−3c
2
(HKπ +HKη8) +
cM2V
8g2f 2
(10µK + 3µη8 + 11µπ)
− 3
8
(
M2V
g2f 2
)2
(HKπ +HKη8 +
2µK + µπ + µη8
2
)− C
r
5
2
Q2
f 2
+
M2V
2g2f 2
{ M2V
2g2f 2
Kr4
m2K
f 2
− 4Lr5
ΣKπ
f 2
+
2m2K +m
2
π
f 2
(
M2V
2g2f 2
Kr5 − 8Lr4)
}]
+
1
2
√
2
Qµ
Q2
×
[
(1− M
2
V
2g2f 2
)
{
−∆KπJ¯Kπ
8f 2
{5cQ2 − (5c− 3)ΣKπ}
+
∆KηJ¯Kη cos
2 θ08 +∆Kη′ J¯Kη′ sin
2 θ08
8f 2
{3cQ2 − (3c− 1)ΣKπ}
}
+
3∆Kπ
8f 2
(1− M
2
V
2g2f 2
)2{∆
2
Kπ
s
J¯Kπ +
∆2Kη
s
J¯Kη cos
2 θ08 +
∆2Kη′
s
J¯Kη′ sin
2 θ08}
]
+
1
2
√
2
∆KπQµ
Q2
[ c
4
Q2
3µη8 + 2µK − 5µπ
∆Kπ
+ c
M2V
8g2f 2
(10µK + 3µη8 + 11µπ)
− 3
16
(
M2V
g2f 2
)2
(2µK + µπ + µη8)− 4Lr5
Q2
f 2
+
M2V
2g2f 2
×
{ M2V
2g2f 2
Kr4
m2K
f 2
− 4Lr5
ΣKπ
f 2
+
2m2K +m
2
π
f 2
(
M2V
2g2f 2
Kr5 − 8Lr4)
}]
. (32)
Lri and C
r
i are finite parts of the counterterms Li and Ci respectively. The function HPQ is
written in terms of the functions defined in Eq.(C9) as,
HPQ =
1
f 2
(Q2M rPQ − LPQ). (33)
J¯PQ can be found in Eq.(C10) and Eq.(C12). We also introduce the following notations in
this paper.
YKη8 = YKη cos
2 θ08 + YKη′ sin
2 θ08,
where Y = H,M r and L which also appear in the following equations. The diagram with a
vector meson propagator is shown in Fig.1. It includes the diagram with a K∗ propagator,
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FIG. 2: The one loop 1 particle irreducible Feynman diagrams contributing W+ → K+pi0 form
factors. The counterterms are shown by the black blob vertex.
K∗ → K+π0 vertex andW+ → K∗ production amplitude. The self-energy of the propagator,
the vertex and the production amplitudes include one-loop corrections. We first compute
the one loop corrections to K∗ → Kπ vertex which are shown in Fig.3.
FIG. 3: The one loop Feynman diagrams contributing to K∗+ → K+pi0 vertex. The black blob
denotes the counterterm.
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Tµ(K
∗+ → K+π0) = − 3M
2
V
32gf 4
(1− M
2
V
2g2f 2
)(JπKµ + J
η8K
µ )−
M2VΣKπ
8gf 4
(χπKµ −
1
4
χη8Kµ )
− cM
2
V
8gf 4
(Q2 − ΣKπ)(χπKµ −
3
4
χη8Kµ ) +
3M2V
32gf 4
qµ(Iπ + Iη8 + 2IK)
+
M2V
4gf 2
qµ(
√
zKzπ − 1) + counterterms
= −3M
2
V
8gf 4
(1− M
2
V
2g2f 2
){(M rKπ +M rKη8)(Qµ∆Kπ −Q2qµ) + (LKπ + LKη8)qµ}
+
M2V
16gf 2
qµ
{
−3M
2
V
g2f 2
2µK + µπ + µη
2
+ c(10µK + 3µη8 + 11µπ)
− 32Lr4
2m2K +m
2
π
f 2
− 16Lr5
ΣKπ
f 2
}
+
qµ
4gf 2
{Cr2(2m2K +m2π) + Cr1m2K}+
Cr3
8f 2
(Q2qµ −∆KπQµ)
+
M2V
8gf 4
Qµ
s
{ΣKπ(∆KπJ¯Kπ − 1
4
∆Kη8 J¯Kη8)
+ c(Q2 − ΣKπ)(∆KπJ¯Kπ − 3
4
∆Kη8 J¯Kη8)}
=
{
− g
2M2V
(1− M
2
V
2g2f 2
)(δBK∗ − ZrV )−
Cr3
8f 2
}
(Qµ∆Kπ −Q2qµ)
− qµ g
2M2V
{
(δAK∗ + Q
2δBK∗)(1− M
2
V
2g2f 2
)− Cr1m2K − Cr2(2m2K +m2π)
}
+
M2V
16gf 2
qµ
{
−(2µK + µπ + µη8) + c(10µK + 3µη8 + 11µπ)
− 32Lr4
2m2K +m
2
π
f 2
− 16Lr5
ΣKπ
f 2
}
+
M2V
8gf 4
Qµ
s
{ΣKπ(∆KπJ¯Kπ − 1
4
(∆KηJ¯Kη cos
2 θ08 +∆Kη′ J¯Kη′ sin
2 θ08))
+ c(Q2 − ΣKπ)(∆KπJ¯Kπ − 3
4
(∆KηJ¯Kη cos
2 θ08 +∆Kη′ J¯Kη′ sin
2 θ08))},
(34)
where ∆Kη8J¯Kη8 ≡ ∆KηJ¯Kη cos2 θ08 + ∆Kη′ J¯Kη′ sin2 θ08. Next, the propagator of the K∗
meson is obtained by including one loop self energy corrections. Using Eq.(C2), the K∗
meson propagator is given by iDµρ where Dµρ is given by,
Dµρ =
gµρ − QµQρδBM2V +δA+Q2δB
M2V + δA
, (35)
where the self energy corrections δA and δB in this section are identical to the K∗ mesons
ones given in Eq.(C8),
δA = δAK∗, δB = δBK∗. (36)
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The K∗ production amplitude with the one loop corrections are shown in Fig.4 and is given
FIG. 4: The one loop Feynman diagrams contributing W+ → K∗ production amplitude.
by,
〈K∗+ν |uLγµsL|0〉 = −
3M2V
8gf 2
√
2
(
1− M
2
V
2g2f 2
)
(JπKµν + J
η8K
µν )
+
1√
2g
[C1m
2
K + C2(2m
2
K +m
2
π)]gµν +
√
2C4(QµQν −Q2gµν)
+
3M2V
8
√
2gf 2
(Iπ + Iη8 + 2IK)gµν
=
1√
2g
[{
δA+Q2δB − 3M
2
V
2f 2
(LKπ + LKη8)
}
gµν
+
{
ZrV − 2gCr4 − δB +
3M2V
2f 2
(M rKπ +M
r
Kη8
)
}
(Q2gµν −QµQν)
]
,
(37)
where,
C4 =
M2V
128π2gf 2
(
1− M
2
V
2g2f 2
)
(CUV + 1− lnµ2) + Cr4 . (38)
JQPµν is defined as,
JQPµν = (gµν −
QµQν
Q2
)
(
−4f 2HPQ + 2
3
λQ2 − 2λΣPQ − 2(µQ + µP )f 2
)
+
QµQν
Q2
(
∆2PQJ¯PQ
s
− 2λΣPQ − 2(µQ + µP )f 2
)
. (39)
Jη8Kµν is defined as; J
η8K
µν = J
ηK
µν cos
2 θ08+J
η′K
µν sin
2 θ08. Now one can assemble the contribution
from the diagram with a K∗ propagator to the form factor. One can write K∗ production
amplitude of the weak vertex and K∗ → Kπ decay amplitudes as,
〈K∗ν |uLγµsL|0〉 = gνµG+ (Q2gνµ −QνQµ)H,
Tρ(K
∗+ → K+π0) = Eqρ + FQρ∆Kπ,
(40)
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where G,H, , E and F are given as,
G =
1√
2g
{M2V + δA+Q2δB −
3M2V
2f 2
(LKπ + LKη8)}, (41)
H = 1√
2g
{ZrV − 2gCr4 − δB +
3M2V
2f 2
(M rKπ +M
r
Kη8
)}, (42)
E =
M2V
4gf 2
− g
2M2V
{(δA+Q2δB)(1− M
2
V
2g2f 2
)− Cr1m2K − Cr2(2m2K +m2π)}
+
M2V
16gf 2
{−3(2µK + µπ + µη8) + c(10µK + 3µη8 + 11µπ)− 32Lr4
2m2K +m
2
π
f 2
− 16Lr5
ΣKπ
f 2
}
+ { g
2M2V
(1− M
2
V
2g2f 2
)(δB − ZrV ) +
Cr3
8f 2
}Q2, (43)
F = −{ g
2M2V
(1− M
2
V
2g2f 2
)(δB − ZrV ) +
Cr3
8f 2
}
+
M2V
8gf 4
1
Q2
{ΣKπ(J¯Kπ − J¯Kη∆Kη cos
2 θ08 + J¯Kη′∆Kη′ sin
2 θ08
4∆Kπ
)
+ c(Q2 − ΣKπ)(J¯Kπ − 3(J¯Kη∆Kη cos
2 θ08 + J¯Kη′∆Kη′ sin
2 θ08)
4∆Kπ
)}. (44)
Using the form factors, we obtain,
〈K+π0|uLγµsL|0〉
∣∣∣
K∗
= i(Eqρ + FQρ∆Kπ)iD
ρσ
(
gσµG + (Q
2gσµ −QσQµ)H
)
= −EG+Q
2H
M2V + δA
(qµ − ∆Kπ
Q2
Qµ)−G∆Kπ
Q2
Qµ
E +Q2F
M2V + δA +Q
2δB
. (45)
The vector form factor and the scalar form factors are defined as,
〈K+π0|uLγµsL|0〉 = 1
2
{FV (qµ − ∆Kπ
Q2
Qµ) + FSQµ}. (46)
Then the contribution to the form factors is given as,
FKπV = F
1PI
V + F
K∗
V , (47)
FKπS = F
1PI
S + F
K∗
S , (48)
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where,
F 1PIV = −
1√
2
(1− M
2
V
2g2f 2
) +
+
1√
2
[
−3c
2
(HKπ +HKη8) +
cM2V
8g2f 2
(10µK + 3µη8 + 11µπ)
− 3
8
(
M2V
g2f 2
)2
(HKπ +HKη8 +
2µK + µπ + µη8
2
)− C
r
5
2
Q2
f 2
+
M2V
2g2f 2
{ M2V
2g2f 2
Kr4
m2K
f 2
− 4Lr5
ΣKπ
f 2
+
2m2K +m
2
π
f 2
(
M2V
2g2f 2
Kr5 − 8Lr4)
}]
, (49)
FK
∗
V = −2E
G+Q2H
M2V + δA
(50)
≃ − 1
2
√
2g
M2V
M2V + δA
[
4E +
√
2
G+Q2H
f 2
− M
2
V
gf 2
]
, (51)
F 1PIS =
1√
2
1
Q2
×
[
(1− M
2
V
2g2f 2
)
{
−∆KπJ¯Kπ
8f 2
{5cQ2 − (5c− 3)ΣKπ}
+
∆KηJ¯Kη cos
2 θ08 +∆Kη′ J¯Kη′ sin
2 θ08
8f 2
{3cQ2 − (3c− 1)ΣKπ}
}
+
3∆Kπ
8f 2
(1− M
2
V
2g2f 2
)2{∆
2
Kπ
s
J¯Kπ +
∆2Kη
s
cos2 θ08J¯Kη +
∆2Kη′
s
sin2 θ08J¯Kη′}
]
+
1√
2
∆Kπ
Q2
[
−(1 − M
2
V
2g2f 2
) +
c
4
Q2
3µη8 + 2µK − 5µπ
∆Kπ
+ c
M2V
8g2f 2
(10µK + 3µ8 + 11µπ)
− 3
16
(
M2V
g2f 2
)2
(2µK + µπ + µη8)− 4Lr5
Q2
f 2
+
M2V
2g2f 2
×
{ M2V
2g2f 2
Kr4
m2K
f 2
− 4Lr5
ΣKπ
f 2
+
2m2K +m
2
π
f 2
(
M2V
2g2f 2
Kr5 − 8Lr4)
}]
, (52)
FK
∗
S = −2G
∆Kπ
Q2
E +Q2F
M2V + δA+Q
2δB
(53)
≃ − 1
2
√
2g
∆Kπ
Q2
M2V
M2V + δA+ Q
2δB
[
4(E +Q2F) +
√
2
G
f 2
− M
2
V
gf 2
]
. (54)
For numerical calculation, we use Eq.(51) and Eq.(54) which are obtained by omitting the
two loop order contribution in the numerators of Eq.(50) and Eq.(53). To compare our form
factors with the ones obtained by other methods, we show the vector form factors in the
chiral limit,
F 1PIV = −
1√
2
[
(1− M
2
V
2g2f 2
){1 + 3(1− M
2
V
2g2f 2
)H}+ C
r
5Q
2
f 2
)
]
,
FK
∗
V = −
M2V
2
√
2g2f 2
M2V
M2V + δA
(
1 + 6(1− M
2
V
2g2f 2
)H +
g(Cr3 − 4Cr4)Q2
2M2V
)
. (55)
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The self energy correction of vector meson, δA in the chiral limit can be obtained with
Eq.(C4),
δA→ −Q2Z(r)V − 3M2VH, (56)
where H is given by taking the chiral limit of Q
2Mr
f2
in Eq.(C5) as,
H =
Q2
12f 2
[− 1
16π2
log
Q2
µ2
+
5
48π2
+ i
1
16π
]. (57)
To compare our result with those of the other methods, we examine the case that the vector
meson dominace (VMD) relation M2V = 2g
2f 2 holds. Then the vector form factor is written
as,
FV |VMD.chiral limit = −
1√
2
[ M2V
M2V − 3HM2V − ZrVQ2
{1 + g(Cr3 − 4Cr4)
Q2
2M2V
}+ C
r
5Q
2
f 2
]
. (58)
The result can be compared with the same limit of the form factor in [22],
F+ =
M2K∗e
3Re.(H)
M2K∗ −Q2 − iMK∗ΓK∗(Q2)
. (59)
The difference of the overall factor − 1√
2
is just due to the the definition of the form fac-
tors. We observe that in the form factor of [22] , the chiral loop correction denoted by H
is exponentiated and appears in the numerator of vector meson propagator while in our
approach with the vector dominance assumption, the chiral correction appears in the self-
energy function in the denominator of the vector meson propagator. We also note that the
finite counterterms generate linear Q2 dependence in the form factor. They include the
wave function renormalization constant of the vector meson Z
(r)
V , and the other coefficients
of the finite counter terms; Cr3 , C
r
4 and C
r
5 . One can also compare our result with that of the
resonance chiral theory [21]. A difference of the form factor in [21] from Eq.(58) of our result
is that the one loop corrections to their form factor depends quadratically on momentum
squared Q4. This is due to the second derivatives coupling of the vector meson to two pseu-
doscalars in their anti-symmetric tensor formulation of vector mesons. In contrast to their
approach, the vector meson coupling into two pseudoscalar meson coupling includes the first
derivative. Therefore, the form factor of the present approach depends on Q2 linearly. They
also consider the loop contribution of all the resonances while in our approach, the vector
mesons do not contribute in the loop.
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IV. NUMERICAL ANALYSIS IN THE SM
To evaluate the vector and scalar form factors, we fix g,MV and the coefficients of the
counterterms by using the decay constants, masses and widthes of the mesons. We also
use the hadronic mass spectrum. There are ten parameters, {g,MV , ZrV , Cri , Lr4, Lr5}, (i =
1, · · · , 5) to be fixed.
From the matrix elements of the axial currents, we obtain the pion and kaon decay
constants [35],
fπ = f
{
1− c(2µπ + µK) + 4
(
m2π + 2m
2
K
f 2
Lr4 +
m2π
f 2
Lr5
)}
, (60)
fK = f
{
1− 3c
4
(µπ + 2µK + µη8) + 4
(
m2π + 2m
2
K
f 2
Lr4 +
m2K
f 2
Lr5
)}
. (61)
Using the ratio of fK/fπ, we can write L
r
5 as follows,
Lr5 =
f 2
4∆Kπ
{
fK
fπ
− 1− c
4
(5µπ − 2µK − 3µη8)
}
. (62)
If we assume f = fπ, from Eq. (60) L
r
4 is expressed as,
Lr4 =
f 2π
m2π + 2m
2
K
{
c
4
(2µπ + µK)− m
2
π
f 2π
Lr5
}
. (63)
One can take any renormalization scale µ at around K∗ meson mass. We specifically
choose the value of the particle data group (PDG) [37], namely µ = 895.47MeV. If
c(= 1−M2V /(g2f 2π)) is obtained, Lr4 and Lr5 can be fixed.
From the imaginary part of the self energy for K∗ meson in Eq.(C8), the decay width of
K∗ is given by,
ΓK∗(M
2
K∗) =
1
16πMK∗
ν3Kπ(M
2
K∗)
M4K∗
(
M2V
4gf 2π
)2
, (64)
where νKπ is defined in Eq.(C11). Once MV is determined, g can be fixed with the decay
width K∗ (ΓK∗) andMK∗ . The relations among ZrV , C
r
1 , C
r
2 are derived by the conditions for
the pole masses of K∗ and ρ mesons. We define K∗ and ρ meson masses as the momentum
squared (Q2) for which the real parts of the inverse propagators vanish,
M2V + Re[δAK∗(Q
2 =M2K∗ ;C
r
1 , C
r
2)] = 0, (65)
M2V + Re[δAρ(Q
2 =M2ρ ;C
r
1 , C
r
2)] = 0. (66)
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Solving the above equations, one obtains Cr1 and C
r
2 ,
Cr1 =
1
∆Kπ
{
ZrV∆K∗ρ − Re[∆AK∗(M2K∗)] + Re[∆Aρ(M2ρ )]
}
, (67)
Cr2 = −
1
2m2K +m
2
π
{
M2V − ZrVM2ρ + Re[∆Aρ(M2ρ )] + Cr1m2π
}
, (68)
where,
∆AK∗ = −3
4
(
M2V
gf 2π
)2 [
Q2(M rKπ +M
r
Kη8
) −LKπ − LKη8 +
f 2π
2
(µπ + 2µK + µη8)
]
, (69)
∆Aρ = −
(
M2V
gf 2π
)2 [
Q2
(
M rπ +
1
2
M rK
)
+ f 2π
(
µπ +
1
2
µK
)]
. (70)
From the condition for the residue of the vector meson propagator (35), ZrV is written as
follows,
ZrV = 1 +
dRe[∆AK∗(Q
2)]
dQ2
∣∣∣∣
Q2=M2
K∗
. (71)
We use ρ meson mass of the PDG value [37]. For K∗ meson mass and the decay width,
we fix them with the hadronic mass spectrum of τ → Kπν. Instead of using g and ZV as
the fitting parameters, one can use the decay width ΓK∗ and the mass MK∗ .
One can write ZrV , C
r
3 , C
r
4 and C
r
5 in terms of K
r
1 , K
r
2 , K
r
3 and L
r
9 with Eqs. (27) and
(29). Since Kr3 is related to Z
r
V with Eq. (27) and Z
r
V is fixed with Eq. (71), K
r
3 is already
determined by MK∗ . We note that the form factor of Eq. (51) depends on the combination
Cr3 − 4Cr4 , which is written as,
Cr3 − 4Cr4 =
M2V
gf 2π
(
Kr1 +K
r
2 −Kr3
M2V
g2f 2π
)
. (72)
One also notes that Cr5 is written in terms of K
r
1 + K
r
2 , K
r
3 and L
r
9. Therefore we choose
{ΓK∗,MV ,MK∗ , Kr1 +Kr2 , Lr9} as fitting parameters in the following analysis.
We fit them by using the differential branching fraction of the experimental data [26].
The differential branching fraction for KPν(P = π, η) is given by,
dBr(τ → KPν)
d
√
Q2
=
1
Γτ
G2F |Vus|2
25π3
(m2τ −Q2)2
m3τ
pK
×
[(
2m2τ
3Q2
+
4
3
)
pK
2|FKPV (Q2)|2 +
m2τ
2
|FKPS (Q2)|2
]
, (73)
where pK is the momentum ofK in the hadronic center of mass (CM) frame. The differential
decay distribution for τ− → Ksπ−ν is shown in Fig. 5. One can see the peak ofK∗ resonance
around at
√
Q2 ≃ 900 MeV.
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The five parameters are determined by fitting the hadronic mass spectrum in the region
mK + mπ ≤
√
Q2 ≤ 1665MeV with 90 bins data. We also use the PDG values [37],
mπ± , fπ±, mK0, mη, mη′ , mτ as inputs. The set of parameters leading to the smallest χ
2/n.d.f
value are fixed by
ΓK∗ = 48.68MeV, MV = 954.0MeV, MK∗ = 895.4MeV,
Kr1 +K
r
2 = 0.04517, L
r
9 = 5.068× 10−3, (74)
where the obtained χ2/n.d.f. is 152.3/85. The other parameters are shown in Table III. We
also note 1 −M2V /(2g2f 2π) = 0.2688 for this case. It implies that the relation of the vector
meson dominance, M2V = 2g
2f 2π , is slightly violated.
TABLE III: Numerical values of the fitted parameters.
g 8.582 Cr2 −0.7772 Lr4 2.265 × 10−4
ZrV 0.8276 C
r
3 − 4Cr4 0.1811 Lr5 2.313 × 10−3
Cr1 0.2980 C
r
5 −1.516 × 10−3
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FIG. 5: The prediction of the decay distribution for τ− → Kspi−ν. The solid line corresponds to
the prediction of our model. The dotted line and the dashed line correspond to the distribution of
the vector form factor and that of the scalar form factor, respectively. The closed circles with the
error bars are experimental data [26].
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Table IV shows the fitted values ofMK∗ ,ΓK∗ and the prediction of the branching fraction
of our model. The corresponding experimental values are also shown. We have not shown
the error for the branching fraction, since the systematic error in each bin is not known. We
also show the obtained slope parameter for Ke3 decay defined in Eq.(76). λ+ is the slope
parameter given by the linear expansion coefficient of the Kπ vector form factor (47),
FKπV (Q
2) ≃ FKπV (0)
(
1 + λ+
Q2
m2π
)
, (75)
where,
λ+ =
m2π
FKπV (0)
dFKπV (Q
2)
dQ2
∣∣∣∣
Q2=0
. (76)
TABLE IV: Fitting parameters (MK∗,ΓK∗) and the corresponding predictions for the branching
fraction and the slope parameter. The bottom line denotes the experimental values.
MK∗(MeV) ΓK∗(MeV) Br(τ
− → KSpi−ντ ) λ+
894.5 48.67 0.4023% 0.02236
Exp. 895.47 ± 0.20 ± 0.74 46.2 ± 0.6± 1.2 (0.404 ± 0.002 ± 0.013)% 0.02485 ± 0.00163 ± 0.00034
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FIG. 6: The absolute value of the vector form
factor.
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FIG. 7: The argument of the vector form fac-
tor. We added 180 deg. to argFV .
We investigate the property of the form factors obtained in the present work. Using the
fixed parameters, we show the absolute value and argument for the vector form factor in Figs.
6 and 7. In the absolute value of the vector form factor |FKπV |, the effect of K∗ resonance is
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FIG. 8: The absolute value of the scalar form
factor.
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FIG. 9: The argument of the scalar form fac-
tor.
dominant at
√
Q2 ≃MK∗ . Furthermore, the effect of K∗ resonance is seen in the argument
of vector form factor (arg[FKπV ]), because it changes about 180
◦ near
√
Q2 ≃ MK∗ . This
property are also seen in Kπ scattering [38]. However, the behavior of arg[FKπV ] for large
invariant mass region,
√
Q2 & 1200MeV is different from the one in [38], since our model
does not include the higer resonances, K∗(1410) and K∗(1790). Figures 8 and 9 show the
absolute value and argument for the scalar form factor, respectively. The absolute value of
the scalar form factor is smaller than the absolute value for the vector form factor, since
there is no K∗ pole in FKπS as shown in Eq. (54). As increasing the invariant mass, the
argument for the scalar form factor decreases.
We study τ− → K−ην decay using the parameters fixed with τ− → Ksπ−ν decay. The
form factors for Kη are given in Appendix E. Figure 10 shows the prediction of the decay
distribution for τ− → K−ην. It is found that the contribution of vector form factor is
dominant. The predicted branching fraction for τ− → K−ην decay is 2.114 × 10−4. Since
the experimental results are Br(τ− → K−ην) = (1.52 ± 0.08) × 10−4 [37], our prediction
is larger than the experimental data. We note that the predicted branching fractions for
τ− → KSπ−ν and τ− → K−ην decays are 4.030× 10−3 and 1.157× 10−4 respectively with
the other parameter set of parameters which is obtained by 67 bins data fitting (mK+mπ ≤√
Q2 ≤ 1400.5MeV).
We also consider the forward-backward asymmetry [33] for τ → KPν decay. The double
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FIG. 10: The hadronic invariant mass distribution for τ− → K−ην decay. The solid line and the
gray solid line correspond to the hadronic invariant mass distribution for τ− → Kην decay and
that for τ → Kspiν decay, respectively. The dotted line and the dashed line are the vector form
factor contribution and the scalar form factor contribution of τ → Kην decay, respectively.
differential rate of the unpolarized τ decay [6] is given by
dBr
d
√
Q2d cos θ
=
1
Γ
G2F |Vus|2
25π3
(m2τ −Q2)2pK
m3τ
{(
m2τ
Q2
cos2 θ + sin2 θ
)
p2K |FKPV (Q2)|2
+
m2τ
4
|FKPS |2 −
m2τ√
Q2
pK cos θRe[F
KP
V (Q
2)FKPS (Q
2)∗]
}
, (77)
where θ is the scattering angle of kaon with respect to the incoming τ in the hadronic CM
frame. The forward-backward asymmetry extracts the interference term of the vector form
factor and the scalar form factor.
AFB(Q
2) =
∫ 1
0
d cos θ dBr
d
√
Q2d cos θ
− ∫ 0−1 d cos θ dBrd√Q2d cos θ
dBr
d
√
Q2
= −
pK√
Q2
|FKPS |
|FKPV |
cos δKPst(
2m2τ
3s
+ 4
3
)
p2K
m2τ
+ 1
2
|FKPS
FKPV
|2
, (78)
with δKPst = arg.(
FKPV
FKPS
). As we can see from Eq.(78), the forward-backward asymmetry is
determined by the ratio of the scalar and the vector form factors. It is also proportional to
cosine of the strong phase shift δKPst . The forward-backward asymmetries for Kπ and Kη
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cases are shown in Fig. 11. As can be seen in Fig. 11, the forward-backward asymmetry for
Kπ case is large below K∗ resonance and reaches to 70%. Here the decay distribution for
τ− → Ksπ−ν is identical to that of τ− → K−π0ν by taking the limit for ǫK of K0K0 mixing
zero. In Fig. 11, we have evaluated the forward-backward asymmetry for τ− → K−π0ν as
that for Kπ case.
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FIG. 11: The predictions of the forward-backward asymmetries of τ → Kpiν and τ → Kην decays.
The solid line and dashed line correspond to the forward-backward asymmetry of τ → Kpiν decay
and that of the τ → Kην decay, respectively.
V. TWO HIGGS DOUBLET MODEL WITH CP VIOLATION
As an example of new physics beyond the SM, we investigate a two Higgs doublet model
with explicit CP violation. (See for example, Ref. [39] for a recent review of two Higgs
doublet model.) The model is classified as type II two Higgs doublet model. Z2 parity
is assigned so that only a Higgs doublet Φ2 is coupled to up type quarks and another
Higgs doublet Φ1 is coupled with down type quarks. For the charged leptons, they have
Yukawa couplings with the same Higgs doublet which the down type quarks interact with.
Z2 symmetry is softly broken in Higgs sector. By taking the soft breaking mass squared
parameter small, one can naturally obtain the large ratio of vacuum expectation values
(VEVs) of two Higgs doublets . The idea of Ref. [40] is that this large ratio of the Higgs
VEVs is the origin of the isospin breaking of the third generation of the quarks. In such
model, the Higgs with small VEV has enhanced Yukawa couplings to down type quarks and
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charged leptons. Therefore, τ lepton and bottom quark can be good probes investigating
the extra Higgs doublet with the small VEV.
The well known effect of CP violation of the two Higgs doublet model is CP even and
CP odd Higgs mixing [41, 42]. In the large limit of the ratio of Higgs VEVs, among three
neutral Higgs, the SM like CP even Higgs is decoupled from the other two Higgs bosons.
Therefore, in good approximation, CP even and CP odd Higgs mixing occurs among two
Higgs bosons in the sector of the Higgs with the small VEV. We investigate how the CP
violating mixing of the neutral Higgs sector leads to some observable effect on charged
Higgs Yukawa coupling. We also explicitly show how it generates the direct CP violation
of τ decays. For this purpose, we compute one loop corrections to masses of the charged
leptons and down type quarks. One finds the one loop corrected mass is flavor diagonal and
a small CP violating chiral phase due to the CP even and CP odd Higgs mixing is generated.
To remove the phase of one loop corrected mass, one needs to carry out the chiral rotation.
After the chiral rotation, CP violating phase in charged Higgs sector arises. The phase is due
to the CP violation of Higgs sector which is the different origin from Kobayashi Maskawa
phase [43].
After all, the relative CP violating phase difference between the charged current interac-
tion of W boson and charged Higgs interaction arises as,
L ∼ νLγµτLW µ+ + νLτRH+e−2iφτ . (79)
The phase φτ vanishes if CP even and CP odd Higgs mixing angle θAH vanishes. The
phase φτ can be measured by direct CP violation of τ
± decays. The decays go through
the intermediate states W− and H− which are converted to a common hadronic final state
(K, π). Schematically, the process goes as,
τ →
{
νL +W
−∗
νL +H
−∗
}
→ K−π0 + ν. (80)
To measure the phase φτ , the angular analysis of the decay distributions of τ → Kπν is
useful. The direct CP violation arises in the interference of two amplitudes with both weak
phase difference and strong phase difference. In the τ → Kπν decays, the interference of
two amplitudes with different angular momentum of K−π0 , i.e., l = 1 and l = 0 can take
place. The difference of the angular distribution of τ− → K−π0ν and its CP conjugate
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τ+ → K+π0ν¯ is sensitive to the CP violating phase described above. As we have shown in
[10], the forward-backward CP asymmetry is a good observable for the CP violation.
The Higgs potential of two Higgs doublet model with softly broken Z2 symmetry is given
as,
Vtree =
∑
i=1,2
(
m2iΦ
†
iΦi +
λi
2
(Φ†iΦi)
2
)
−m23(Φ†1Φ2 + h.c.) + λ3(Φ†1Φ1)(Φ†2Φ2)
+λ4|Φ†1Φ2|2 +
1
2
λ5
[
eiθ5(Φ†2Φ1)
2 + e−iθ5(Φ†1Φ2)
2
]
, (81)
where under Z2 transformation, the Higgs fields transform as,
Φ1 → −Φ1, Φ2 → Φ2. (82)
θ5 is a CP violation parameter of Higgs sector. One may write the vacuum expectation
values with three order parameters [44],
〈Φ1〉 = v√
2

 0
cos β

 , 〈Φ2〉 = v√
2

 0
sin β

 e−iθ′ . (83)
The three order parameters are determined by the stationary conditions. For large tan β,
the solution can be written approximately as,
v2 ≃ −2m
2
2
λ2
,
cos β ≃ m
2
3{
m21 +
v2
2
(λ3 + λ4)
}
cos θ′ + v
2
2
λ5 cos(θ5 + θ′)
,
sin(θ5 + θ
′)
sin θ′
≃
λ3 + λ4 − m
2
1
m2
2
λ2
λ5
, (84)
where only the leading terms with respect to the expansion of the soft breaking parameter
m2
3
m2
1
are shown. When θ5 is not vanishing, the neutral Higgs bosons with definite CP parities,i.e.,
CP even (H) and CP odd Higgses (A) are not mass eigenstates. Their mixing angle is
sensitive to the CP violation of the Higgs sector. In large tan β limit, the mass matrix of
the three neutral Higgs becomes,
Lmass = −v
2
4
(h,H,A)


a11 0 0
0 a22 a23
0 a23 a33




h
H
A

 , (85)
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where a12 and a13 are subleading of the expansion of cos β and can be neglected in large
tan β limit. Therefore in the limit, one can simply diagonalize 2×2 matrix. For the purpose,
one introduces the mixing angle θAH ,
H = cos θAHH3 + sin θAHH2,
A = cos θAHH2 − sin θAHH3, (86)
where H2 and H3 are mass eigen states. The other matrix elements in small cos β limit are,
a11 ≃ 2λ2,
a33 ≃
{
sin(θ5 + θ
′)
sin θ′
− cos(θ5 + 2θ′)
}
λ5,
a22 ≃
{
cos θ5 + cos 2θ
′ sin(θ
′ + θ5)
sin θ′
}
λ5,
a23 ≃ −λ5 sin(θ5 + 2θ′). (87)
Then one finds the mixing angle is given by,
θAH =
θ5
2
+ θ′. (88)
In the same limit, the masses of all the Higgs bosons are;
Lmass = −M
2
h
2
h2 − M
2
H2
2
H22 −
M2H3
2
H23 −M2H+H+H−, (89)
with,
M2h = λ2v
2,
M2H+ = m
2
1 +
λ3
2
v2,
M2H2 = m
2
1 +
v2
2
(λ3 + λ4 − λ5),
M2H3 = m
2
1 +
v2
2
(λ3 + λ4 + λ5). (90)
Using the relations in Eq.(84) and the mass formulae of Higgs bosons in Eq.(90), one can
write the formulae cos β and θAH as follows;
cosβ =
m23√
M4H3 cos
2 θAH +M4H2 sin
2 θAH
, (91)
θAH = arctan
(
M2H3
M2H2
tan
θ5
2
)
. (92)
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FIG. 12: The CP even and odd Higgs mixing angle θAH as a function of CP violating parameter
θ5. The thin solid line, the dashed line, and the thick solid line correspond to
MH3
MH2
= 2, 1.5, and
1.1, respectively.
In Fig.12, we have shown the mixing angle θAH as a function of CP violating parameter θ5 of
the Higgs potential as given by Eq.(92). One can see when the mass splitting of H2 and H3
are large, θAH tends to deviate from the line of θAH =
θ5
2
, which leads to θ′ is non-vanishing.
Next we compute the one loop corrected mass due to H2 and H3. Yukawa couplings of them
H2 , H3
FIG. 13: One loop corrections to the self energies of down type quarks and charged leptons due to
neutral Higgs exchanges.
to down type quarks and charged leptons can be written as,
LY = H2
v
[
tan β(eiiγ5e
−iγ5θAHmliei + diiγ5e−iγ5θAHmdidi)
]
+
H3
v
[
tan β(eie
−iγ5θAHmliei + die−iγ5θAHmdidi)
]
. (93)
Note that the Yukawa couplings of H2 and H3 have an enhancement factor tan β. The CP
violation of the Yukawa couplings are written in terms of the chiral phase, e−iγ5θAH . One
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defines the one loop corrected masses for down type quarks and charged leptons as,
Lmass = −lLiMlilRi − dLiMdidRi + h.c.. (94)
The corrections are evaluated by computing Feynman diagrams Fig.13 and the result is,
Σi|1loop =
(
mi tanβ
v
)2 [ /p
16π2
(
1
ǫ
− γ + ln 4π)− mi
16π2
(log
M2H2
M2H3
)e−2iθAγ5
]
−(Zi − 1)/p+ (ZmiZi − 1)mi, (95)
where i denote the charged lepton or doun type quark. We have ignored the finite contri-
bution suppressed by a factor of
m2i
M2H2
and
m2i
M3H3
. In MSbar scheme, the counter terms are
determined as,
Zi − 1 = −(Zmi − 1) =
1
16π2
(
mi tanβ
v
)2
(
1
ǫ
− γ + log 4π). (96)
Therefore the one-loop corrected masses are finite and are given by,
Mli = mli
{
1−
(
mli tan β
4πv
)2
ln
M2H2
M2H3
e−2iθAH
}
,
Mdi = mdi
{
1−
(
mdi tanβ
4πv
)2
ln
M2H2
M2H3
e−2iθAH
}
. (97)
In order to remove the phases of the one loop corrected mass, one need to perform the flavor
diagonal chiral rotation,
lRi → lRie−iφli , lLi → lLieiφli ,
dRi → dRie−iφdi , dLi → dLieiφdi , (98)
where the phases φli and φdi are given by,
tan 2φli =
sin 2θAH
(
mli tan β
4πv
)2
ln
M2H2
M2H3
1−
(
mli tan β
4πv
)2
cos 2θAH ln
M2H2
M2H3
, (99)
tan 2φdi =
sin 2θAH
(
mdi tan β
4πv
)2
ln
M2H2
M2H3
1−
(
mdi tan β
4πv
)2
cos 2θAH ln
M2H2
M2H3
. (100)
In Fig.14, we have shown φτ for different ratios of the Higgs mass
MH3
MH2
. The larger ratio
leads to the larger value of φτ .
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FIG. 14: φτ as a function of θ5. The unit of the angles is in degree. The thin solid line, the
dashed line, and the thick solid line correspond to
MH3
MH2
= 2, 1.5, and 1.1, respectively.
Now we study the effects of the CP violation of the Higgs mixing on τ lepton decays.
The effective four Fermi interactions from the SM contribution and from the charged Higgs
exchange are given by,
Lcc = 2
√
2GFV
∗
ji
[
−diLγµujLνLγµτL
+
mτmdi tan
2 β
M2
H+
diRujLe
−2i(φτ−φdi)νLτR
]
, (101)
where the relative phase φτ − φdi of charged current interaction due to W− exchanged and
charged Higgs interaction H− arises.
The forward-backward CP asymmetry in the two Higgs doublet model can be obtained by
replacing the SM scalar form factor with the one including the charged Higgs contribution
in Eq.(78),
FKPSNew ≡
{
1− e−2i(φτ−φs)Q
2 tan2 β
M2
H+
}
FKPS . (102)
By comparing the forward-backward asymmetry of τ− and τ+, one obtains the direct CP
violation [10],
AFB(τ
− → K−P ν)− AFB(τ+ → K+P ν)
= −2 sin δKPst sin{2(φτ − φs)}
Q2 tan2 β
M2
H+
pK√
Q2
|FKPS |
|FKPV |
(2m
2
τ
3Q2
+ 4
3
)
p2K
m2τ
+ 1
2
|FKPSNew|2
|FKPV |2
, (103)
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where P = π0, η.
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FIG. 15: The constraints on T parameter in (MH2 ,MH3) plane. The gray shaded regions are
excluded. We choose MH+ = 600GeV. The upper bound on TNew is 0.15 and the lower bound is
−0.068, respectively. The thick solid line, the dashed line, and the thin solid line correspond to
MH3
MH2
= 1.1, 1.5, and 2, respectively.
To predict the CP violation, we take account of the constraints on the mass of the charged
Higgs, tanβ and the ratio of neutral Higgs masses
MH3
MH2
. The lower limit of the charged Higgs
mass is given as MH+ > 295GeV obtained from B → Xsγ [45–48]. Using B → τν [49] and
B → Dτν [50], the lower limit of the charged Higgs mass is constrained as MH+ > 500GeV
for tanβ ≃ 40 [48]. The ratio MH3
MH2
of the neutral Higgs masses can be constrained from T
parameter. T parameter of the present model is computed as [51],
TNew =
1
16πM2Ws
2
W
[
F (MH+ ,MH3) + F (MH+ ,MH2)− F (MH3 ,MH2)
]
, (104)
where F (ma, mb) is given by,
F (ma, mb) =
m2a +m
2
b
2
−
m2am
2
b log
m2a
m2
b
m2a −m2b
. (105)
In Eq.(104), we take the limit; β → π
2
. From Eq.(10.61) of Ref. [52], TNew = 0.03 ± 0.11
for the SM Higgs boson mass Mh = 117GeV case. We shift the SM reference point for the
Higgs mass to Mh = 126GeV [53], which amounts to the shift of TNew is
3
8πc2W
log 126
117
≃ 0.01.
Therefore we adopt the following value for TNew,
TNew = 0.04± 0.11. (106)
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With MH+ = 600GeV, the constraints on (MH2 ,MH3) plane are shown in Fig. 15.
In Fig. 16, the forward-backward CP asymmetry in Eq.(103) is shown.We neglect φs in the
numerical calculation. We choose the charged Higgs mass MH+ = 600GeV and tanβ = 40,
and
MH3
MH2
= 1.1, 1.5,and 2 which satisfy the constraints studied. The CP asymmetry is as
small as 10−6 ∼ 10−7. Comparing the present result with the one with the two Higgs doublet
model without natural flavor conservation [10], the asymmetry is much smaller in the present
model because it is the one-loop effect.
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FIG. 16: Forward-backward CP asymmetry AFB − A¯FB as a function of hadronic invariant
mass
√
Q2. The solid lines correspond to the ones of τ → Kpiν decay and the long dashed lines
correspond to the ones of τ → Kην decay. The gray lines correspond to φτ = 0.02◦ and the black
lines correspond to φτ = −0.02◦. We choose the ratio of the neutral Higgs mass as MH3MH2 = 2, and
assume the charged Higgs mass as MH+ = 600GeV.
VI. SUMMARY AND CONCLUSION
Now we summarize our results. For the form factors calculation, we apply the chiral
Lagrangian including the vector resonance for the computation of the scalar and vector
form factors of τ → Kπ(η)ν decays.
• We present new counterterms related to the vector mesons and η0 in one-loop level of
pseudoscalar mesons and show how one can perform the renormalization in a system-
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atic way for the diagram with arbitrary number of the loop.
• By using the propagator with the one loop corrected self-energy of the vector mesons,
one can reproduce the vector meson intermediate states.
• We fit our theoretical curve of the hadronic invariant mass distribution with that
obtained by Belle. By tuning the parameters, we demonstrate that one can fit the
hadronic mass distribution up to ∼ 1300 MeV well. Between 1300 MeV and 1500
MeV , our prediction is slightly lower than the experimental data. We also compute
the branching fraction τ → Kην, which is consistent with the experimental one.
About the CP violation of the two Higgs doublet model, we study the CP violation of the
Higgs sector. The model was invented to explain the large isospin breaking of bottom and
top due to large tan β ≃ 40 [40]. CP violation of Higgs potential leads to the mixings of CP
even and CP odd Higgs. The Yukawa couplings of down type quarks and charged leptons
with the neutral Higgs of the second Higgs doublet are large and are CP violating. We found
that;
• The CP violation in the neutral Higgs sector leads to the CP violating effect on the
quarks and leptons mass matrices through one loop corrections.
• After removing the CP violating phases in the mass matrices, one obtains CP violating
phases of the charged Higgs couplings to the down type quarks and charged leptons.
• The effect is studied in the forward-backward CP asymmetry of τ → Kπν decay. The
order of the asymmetry is 10−6 ∼ 10−7. The smallness of the asymmetry comes from
the fact that the CP violation is loop induced effect.
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Appendix A: Derivation of the counterterms using background field method
We give the outline of the derivation of the counterterms. To derive the counterterms,
we use the background field method so that the calculation of the counterterms is consistent
with chiral symmetry [34], [35]. For the purpose, we first write the chiral Lagrangian in
terms of the fields which are decomposed into the background fields and the quantum fields
based on Eq.(1). We decompose the fields into the background field and quantum fluctuation
as follows;
ξL = ξ exp(i
∆
f
), ξR = ξ
† exp(−i∆
f
),
η¯0 = η0 +∆
0. (A1)
where ξ = exp(iπ
f
) and π denotes the background pseudoscalar octet fields. ∆ denotes
the quantum fluctuation. η0 is the background field for singlet pseudoscalar and ∆
0 is its
quantum part. We also introduce α¯⊥ and α¯ defined as
α¯⊥µ =
ξ†LDLµξL − ξ†R∂µξR
2i
,
α¯µ =
ξ†LDLµξL + ξ
†
R∂µξR
2i
. (A2)
Using the notations given above, we write the Lagrangian including the background field
and the quantum parts,
L¯ = f 2Tr(α¯⊥µα¯µ⊥) +BTr[ξ†RMξL + ξ†LMξR)]− ig2pTr(ξ†RMξL − ξ†LMξR) · η¯0
+
1
2
∂µη¯0∂
µη¯0 − M
2
0
2
η¯20 +M
2
VTr
[
(Vµ − α¯µ
g
)2
]
. (A3)
If we suppress the quantum fluctuation as ∆ → 0 and ∆0 → 0, then Eq.(A3) equals to
Eq.(1). We note that under the chiral transformation, ξ transforms non-linearly as,
ξ′ = gLξh† = hξg
†
R, (A4)
while ∆ transforms linearly as,
∆′ = h∆h†. (A5)
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We also note α¯ and α¯⊥ transform as,
α¯′µ = hα¯µh
† +
1
i
h∂µh
†,
α¯′⊥µ = hα¯⊥µh
†. (A6)
We treat the vector meson V as the background field and it transforms as
V ′µ = hVµh
† +
1
gi
h∂µh
†. (A7)
Given the transformations in Eq.(A4)-Eq.(A7), the Lagrangian of Eq.(A3) with the chi-
ral breaking term M replaced with the spurion fields [34] is invariant under chiral
SU(3)L × SU(3)R transformation. We next compute the one-loop corrections and iden-
tify the divergence. For the purpose, one expands L¯ up to the second order of ∆ and
∆0.
L¯ = L+ TrDµ∆Dµ∆+
(
1− M
2
V
g2f 2
)
Tr[∆, α⊥µ][∆, α⊥
µ]
+ i
M2V
gf 2
Tr(Vµ − αµ
g
)[∆, Dµ∆]
− 2B
f 2
Tr(χ+∆
2) +
2g2p
f 2
Tr(χ−∆2)η0 + 2
g2p
f
Tr(χ+∆)∆
0
+
1
2
∂µ∆
0∂µ∆0 − M
2
0
2
∆02, (A8)
where χ± is defined as,
χ+ = ξMξ + ξ
†Mξ†,
χ− = i(ξMξ − ξ†Mξ†). (A9)
Since the background fields (ξ, η0) satisfy the equations of motion
Dµα⊥µ + i
M2V
gf 2
[V µ − α
µ
g
, α⊥µ] =
1
f 2
(Bχ− + g2pχ+η0),
(+M20 )η0 + g2pTr(χ−) = 0, (A10)
the first variation with respect to ∆ and ∆0 vanishes. Introducing the octet component
field ∆a as ∆ =
∑8
a=1∆
aT a, one can write the quadratic part of the action in terms of the
quantum parts ∆A = (∆0,∆a) as,
S¯ = S − 1
2
∫
d4x∆ADAB∆B, (A11)
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DAB is a diffrential operator and a 9× 9 matrix for the nonet space.
DAB =

(+M20 ) M0b
Ma0 Dab

 ,
ΓAB =

0 0
0 Γab

 , vAB =

0 0
0 vab

 , (A12)
with,
Dab = (d˜µd˜
µ)ab + σab − (v2)ab, (A13)
where,
(d˜µ∆)
a = (dµ∆)
a + vabµ ∆
b,
(dµ∆)
a = ∂µ∆
a + Γabµ ∆
b, (A14)
and,
Γabµ = −2iTr[T a, T b]αµ,
V abµ = −2iTr[T a, T b]Vµ,
vabµ =
M2V
2gf 2
(V µab − 1
g
Γµab). (A15)
We also define,
σab =
4B
f 2
Tr(χ+T
aT b)− 4g2p
f 2
Tr(χ−T aT b)η0
− 2
(
1− M
2
V
g2f 2
)
Tr[T a, α⊥µ][T b, α
µ
⊥], (A16)
and
Ma0 =M0a = −2g2p
f
Tr(χ+T
a). (A17)
The effective action including one loop corrections is given by
Seff = S +∆S,
∆S =
i
2
TrLnDAB. (A18)
By introducing, 9× 9 matrix,
σAB =

M20 M0b
Ma0 σab

 , (A19)
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one can write DAB as;
DAB = (d˜µd˜
µ)AB + σAB − (v2)AB. (A20)
The divergent part of one loop correction can be easily computed with the heat kernel
method [34] [36]. The counterterms can be also obtained with,
Sc = −∆S|div = λ
∫
d4xTr[a2(x)],
(A21)
where a2(x) is given by,
a2(x) =
1
2
σ˜2 +
1
12
[d˜µ, d˜
ν][d˜µ, d˜ν] +
1
6
[d˜µ, [d˜
µ, σ˜]], (A22)
where σ˜ = σ − v2. The trace for 9 × 9 matrix can be converted to trace for 3 × 3 matrix
which leads to the conterterms of Eq.(21).
Appendix B: 1 loop functions
Here we summarize the one loop functions which appear in Eq.(30).
IP =
∫
ddk
(2π)di
1
k2 −m2P
,
χQPµ =
∫
ddk
(2π)di
(Q− 2k)µ
{(k −Q)2 −m2Q}(k2 −m2P )
,
JQPµ =
∫
ddk
(2π)di
(2k −Q)µ(2k −Q)νqν
{(k −Q)2 −m2Q}(k2 −m2P )
, (B1)
By carrying out the loop integral, one obtains,
Ip = −2m2Pλ− 2f 2µP ,
χQP = −Qµ∆PQ
Q2
J¯PQ,
JQPµ = (qµ −
Q · q
Q2
Qµ)
(
−4f 2HPQ + 2
3
λQ2 − 2λΣPQ − 2(µQ + µP )f 2
)
+
Q · q
Q2
Qµ
(
∆2PQJ¯PQ
s
− 2λΣPQ − 2(µQ + µP )f 2
)
, (B2)
J¯PQ is defined in Eq.(C10) and Eq.(C12). HPQ is defined in Eq.(33). By taking account of
η0 and η8 mixing, one defines Iη8 and X
η8K
µ (Xµ = χµ, Jµ) as,
Iη8 = Iη cos
2 θ08 + Iη′ sin
2 θ08,
Xη8Kµ = X
ηK
µ cos
2 θ08 +X
η′K
µ sin
2 θ08. (B3)
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Appendix C: Two point function of vector mesons
Let us determine the coefficient of the counterterms C1, C2 and ZV from the renormal-
ization for self-energy of vector mesons. The vector mesons couplings with pseudo scalar
mesons in L are,
LV PP = −M
2
V
gf 2i
Tr(Vµ[∆, ∂
µ∆])
=
M2V i
4gf 2
[
K∗+µ
(
Kˆ−
↔
∂µ πˆ
0 +
√
3Kˆ−
↔
∂µ ηˆ8 +
√
2 ˆ¯K0
↔
∂ πˆ
−
)
+ 2ρ+µ
(
πˆ−
↔
∂ πˆ
0 +
1√
2
ˆ¯K0
↔
∂ Kˆ
−
)]
. (C1)
The quantum field for pseudoscalar octet ∆ is denoted by πˆ. One can parameterize the
inverse propagators of vector fields as,
AV g
µν +BVQ
µQν . (C2)
We study the two point functions for ρ+ and K∗+ mesons.
AV = M
2
V −Q2 + δAV ,
BV = 1 + δBV , (C3)
where δAV and δBV denote the one loop corrections including the contribution from the
counterterms. For the ρ meson, they are given as,
δBρ = Z
r
V (µ) +
(
M2V
gf 2
)2(
M rπ +
1
2
M rK
)
,
δAρ = −Q2δBρ −
(
M2V
gf 2
)2(
µπ +
1
2
µK
)
f 2
+Cr1(µ)m
2
π + C
r
2(µ)(2m
2
K +m
2
π), (C4)
where µP =
m2P
32π2f2
ln mP
2
µ2
. M rP (P = π,K) are the loop functions for π mesons and K mesons
defined as,
M rP =
1
12
[(
1− 4m
2
P
Q2
)
J¯P − 1
16π2
ln
m2P
µ2
− 1
48π2
]
,
J¯P =


− 1
16π2
√
1− 4m2P
Q2
ln
1+
√
1− 4m
2
P
Q2
1−
√
1− 4m
2
P
Q2
+ 1
8π2
+ i 1
16π
√
1− 4m2P
Q2
, (Q2 ≥ 4m2P ),
1
8π2

1−√4m2P
Q2
− 1 arctan 1√
4m2
P
Q2
−1

 , (Q2 ≤ 4m2P ).
(C5)
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ZrV (µ), C
r
1(µ) and C
r
2(µ) are finite parts of the renormalization constants defined by,
ZV = Z
r
V (µ)−
1
128π2
(
M2V
gf 2
)2
(CUV + 1− lnµ2),
C1 = C
r
1(µ)−
3
128π2
(
M2V
gf 2
)2
(CUV + 1− lnµ2),
C2 = C
r
2(µ)−
1
128π2
(
M2V
gf 2
)2
(CUV + 1− lnµ2), (C6)
with CUV is the divergent part of the dimensional regularization,
CUV =
1
ǫ
− γ + ln(4π), (C7)
where ǫ = 2− d
2
and γ is Euler constant. The self energy corrections to K∗ meson are given
as,
δBK∗ = Z
r
V (µ) +
3
4
(
M2V
gf 2
)2
(M rKπ +M
r
Kη8
),
δA∗K = −Q2δBK∗ +
3
4
(
M2V
gf 2
)2 [
LKπ + LKη8 −
f 2
2
(µπ + 2µK + µη8)
]
+Cr1(µ)m
2
K + C
r
2(µ)(2m
2
K +m
2
π), (C8)
where M rPQ and LPQ are the same functions as the ones defined in Ref. [34],
M rPQ =
1
12Q2
(
Q2 − 2ΣPQ
)
J¯PQ +
∆2PQ
3Q4
[
J¯PQ −Q2 1
32π2
(
ΣPQ
∆2PQ
+ 2
m2Pm
2
Q
∆3PQ
ln
m2Q
m2P
)]
−kPQ
6
+
1
288π2
,
LPQ =
∆2PQ
4s
J¯PQ, (C9)
where kPQ =
(µP−µQ)f2
∆PQ
. J¯PQ is a one loop scalar function of pseudo scalar mesons with
masses mP and mQ, Above the threshold; Q
2 ≥ (mP +mQ)2, it is given by,
J¯PQ(Q
2) =
1
32π2
[
2 +
∆PQ
Q2
ln
m2Q
m2P
− ΣPQ
∆PQ
ln
m2Q
m2P
− νPQ
Q2
ln
(Q2 + νPQ)
2 −∆2PQ
(Q2 − νPQ)2 −∆2PQ
]
+
i
16π
νPQ
Q2
, (C10)
where,
ν2PQ = Q
4 − 2Q2ΣPQ +∆2PQ, (C11)
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while below the threshold (mP −mQ)2 ≤ Q2 ≤ (mP +mQ)2,
J¯PQ(Q
2) =
1
32π2
[
2 +
∆PQ
Q2
ln
m2Q
m2P
− ΣPQ
∆PQ
ln
m2Q
m2P
− 2
√
−ν2PQ
Q2

arctan Q2 −∆PQ√
−ν2PQ
+ arctan
Q2 +∆PQ√
−ν2PQ



 , (C12)
with Σ = m2P +m
2
Q and ∆PQ = m
2
P −m2Q.
Appendix D: Self-energy corrections for η − η′ sector
Here we have expanded the interaction terms which are needed to compute z88, δM
2
08 and
δM288 in Eq.(6) as well as the wavefunction renomalization constants zK and zπ in Eq.(31)
within one loop approximation. The relevant part of the Lagrangian for the calculation is
L =
(
1− M
2
V
g2f 2
)
Tr[∆, α⊥µ][∆, α⊥µ]
− 2B
f 2
Tr(χ+∆
2) +
2g2p
f 2
Tr(χ−∆
2)η0 + 2
g2p
f
Tr(χ+∆)∆
0
=
2c
f 2
Tr(∆∂µπ∆∂
µπ −∆2∂µπ∂µπ)− g2p
Bf
Tr({π, χ}∆2)η0
− g2p
2Bf
Tr({π, {π, χ}}∆)∆0 − 1
2f 2
Tr({π, {π, χ}}∆2).
(D1)
In terms of the component fields, the Lagrangian is,
L = − 3c
4f 2
∂η8∂η8(Kˆ
0 ˆ¯K0 + Kˆ+Kˆ−)− η8η0 g2p
Bf
×
[5m2π − 8m2K
6
√
3
ηˆ8ηˆ8 +
3m2π − 4m2K
2
√
3
(Kˆ0 ˆ¯K0 + Kˆ+Kˆ−) +
m2π
2
√
3
(πˆ0πˆ0 + 2πˆ+πˆ−)
]
− g2p
2Bf
ηˆ0ηˆ8{η28
5m2π − 8m2K
3
√
3
}
+
1
2f 2
η28
[16m2K − 7m2π
18
ηˆ28 +
8m2K − 3m2π
6
(Kˆ0 ˆ¯K0 + Kˆ+Kˆ−) +
m2π
6
(πˆ0πˆ0 + 2πˆ+πˆ−)
]
+
c
f 2
∂K+∂K−(−3
4
ηˆ28 −
Kˆ0 ˆ¯K0 + 2Kˆ+Kˆ−
2
− πˆ
02 + 2πˆ+πˆ−
4
)
+
c
f 2
∂π+∂π−(−πˆ02 − πˆ+πˆ− − Kˆ
0 ˆ¯K0 + Kˆ+Kˆ−
2
). (D2)
We denote the quantum field for pseudoscalar octet ∆ as πˆ and singlet ∆0 as ηˆ0. η0, K, π and
η8 denote the background field. The relevant counterterms can be extracted from Eq.(21)
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as,
Lc = 8L4
f 2
(2m2K +m
2
π)(∂K
+∂K− + ∂π+∂π− +
∂η8∂η8
2
) +
8L5
f 2
(m2K∂K
+∂K− +m2π∂π
+∂π−)
+
8L5
f 2
4m2K −m2π
6
∂η8∂η8 − 8L6
f 2
(2m2K +m
2
π)
4m2K −m2π
3
η28
− 16L8
f 2
(
m4π
6
+
(2m2K −m2π)2
3
)η28
+
4T3√
3
g2p
Bf
∆Kπ(2m
2
K +m
2
π)η0η8 +
8T5
Bf
g2p√
3
m2K∆Kπη0η8. (D3)
Appendix E: The form factors for τ → Kην decay and τ → Kη′ν decay
In this appendix, we give the equations of the form factors for τ → Kην and τ → Kη′ν.
In the following equations, δA and δB imply δAK∗ and δBK∗ , respectively. In this appendix,
we give the equations of the form factors for τ → Kην and τ → Kη′ν. The vector and scalar
form factors are given as the sums of the contribution of 1 PI diagram and K∗ resonance
contribution.
FKηV = F
1PI
V Kη + F
K∗
V Kη,
FKηS = F
1PI
SKη + F
K∗
SKη. (E1)
The contribution of the 1 PI diagrams for τ → Kην form factors is computed as,
〈K+η|u¯LγµsL|0〉|1PI = cos θ08
√
3√
2
×(
−1
2
(1− M
2
V
2g2f 2
)qµ(
√
zKz88 − 1) + 3
16f 2
[
(1− M
2
V
2g2f 2
)2(JπKµ + J
η8K
µ )
−cQµ(Iη8 − 2IK + Iπ)− 2cqµ(Iη8 + 4IK + Iπ)
+ (1− M
2
V
2g2f 2
)
(
{c(Q2 − ΣKη) + 5m
2
K − 3m2π
3
}χπKµ + {c(Q2 − ΣKη)−
5m2K − 3m2π
9
}χη8Kµ
)]
− qµ
2f 2
[
m2K(−K4(
M2V
2g2f 2
)2 + 8L5) + (2m
2
K +m
2
π)(−K5(
M2V
2g2f 2
)2 + 8L4) +
4L5
3
∆Kπ
]
+ L5
2
3f 2
Qµ∆Kπ − C5
4f 2
(qµQ
2 −∆KηQµ)
)
. (E2)
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Using Eq.(E2), the form factors of 1 PI part is derived as,
F 1PIV Kη =
√
3
2
cos θ08
[
−
(
1− M
2
V
2g2f 2
)
− 3c
2
(HKπ +HKη8)
− 3
8
(
M2V
g2f 2
)2
(HKπ +HKη8)− Cr5
Q2
2f 2
+
M2V
2g2f 2
×
{
−4
3
7m2K −m2π
f 2
Lr5 −
8(2m2K +m
2
π)
f 2
Lr4 +
3c
4
(µη8 + µπ + 6µK)
}
+
(
M2V
2g2f 2
)2 {m2K
f 2
Kr4 +
2m2K +m
2
π
f 2
Kr5 −
3
4
(µη8 + µπ + 2µK)
}]
,
F 1PISKη =
√
3
2
cos θ08
Q2
[(
1− M
2
V
2g2f 2
){
−∆Kη + 3
8
{(
c(Q2 − ΣKη) + 5m
2
K − 3m2π
3
)
∆Kπ
f 2
J¯Kπ
+
(
c(Q2 − ΣKη)− 5m
2
K − 3m2π
9
)(
∆Kη
f 2
J¯Kη cos
2 θ08 +
∆Kη′
f 2
J¯Kη′ sin
2 θ08
)}}
+
3
8
(
1− M
2
V
2g2f 2
)2
∆Kη
f 2
(
∆2Kπ
s
J¯Kπ +
∆2Kη
s
J¯Kη cos
2 θ08 +
∆2Kη′
s
J¯Kη′ sin
2 θ08
)
+
3c
4
(µη8 + µπ − 2µK)Q2
]
+ 2
√
2
3
Lr5
∆Kπ
f 2
cos θ08
+
√
3
2
cos θ08
∆Kη
Q2
M2V
2g2f 2
[{
−4
3
7m2K −m2π
f 2
Lr5 −
8(2m2K +m
2
π)
f 2
Lr4 +
3c
4
(µη8 + µπ + 6µK)
}
+
(
M2V
2g2f 2
){m2K
f 2
Kr4 +
2m2K +m
2
π
f 2
Kr5 −
3
4
(µη8 + µπ + 2µK)
}]
. (E3)
The decay amplitude of the process K∗ → Kη is given as,
Tµ(K
∗+ → K+η) = EKηqµ +Qµ∆KηFKη, (E4)
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with
EKη =
√
3 cos θ08
[
M2V
4gf 2
− g
2M2V
(1− M
2
V
2g2f 2
)(δA+Q2δB)
+
M2V
16gf 2
{
−3(µπ + µη8 + 2µK) + c(µπ + µη8 + 6µK)
− 32Lr4
2m2K +m
2
π
f 2
− 16Lr5
7m2K −m2π
3f 2
}
+
−g
2M2V
(Cr1m
2
K + C
r
2(2m
2
K +m
2
π))
− g
2M2V
(1− M
2
V
2g2f 2
)(−Q2)(δB − ZrV ) +
Cr3
8f 2
Q2
]
,
FKη =
√
3 cos θ08
[
− g
2M2V
(1− M
2
V
2g2f 2
)(δB − ZrV )−
Cr3
8f 2
− M
2
V
32gf 4
3c(Q2 − ΣKη)
Q2
(
∆Kπ
∆Kη
J¯Kπ + J¯Kη cos
2 θ08 +
∆Kη′
∆Kη
J¯Kη′ sin
2 θ08
)
− M
2
V
32gf 4
5m2K − 3m2π
Q2
(
∆Kπ
∆Kη
J¯Kπ − 1
3
(J¯Kη cos
2 θ08 +
∆Kη′
∆Kη
J¯Kη′ sin
2 θ08)
)]
. (E5)
Using the K∗ → Kη decay amplitude, the contribution to the form factor is given by,
FK
∗
V Kη = −2EKη
G+Q2H
M2V + δA
,
FK
∗
SKη = −2G
∆Kη
Q2
EKη +Q
2FKη
M2V + δA +Q
2δB
. (E6)
The form factor for τ → Kη′ν is also given as,
FKη
′
V = F
1PI
V Kη′ + F
K∗
V Kη′ ,
FKη
′
S = F
1PI
SKη′ + F
K∗
SKη′. (E7)
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F 1PIV Kη′ =
√
3
2
sin θ08
[
−
(
1− M
2
V
2g2f 2
)
− 3c
2
(HKπ +HKη8)
− 3
8
(
M2V
g2f 2
)2
(HKπ +HKη8)− Cr5
Q2
2f 2
+
M2V
2g2f 2
×
{
−4
3
7m2K −m2π
f 2
Lr5 −
8(2m2K +m
2
π)
f 2
Lr4 +
3c
4
(µη8 + µπ + 6µK)
}
+
(
M2V
2g2f 2
)2 {m2K
f 2
Kr4 +
2m2K +m
2
π
f 2
Kr5 −
3
4
(µη8 + µπ + 2µK)
}]
F 1PISKη′ =
√
3
2
sin θ08
Q2
[(
1− M
2
V
2g2f 2
){
−∆Kη′ + 3
8
{(
c(Q2 − ΣKη′) + 5m
2
K − 3m2π
3
)
∆Kπ
f 2
J¯Kπ
+
(
c(Q2 − ΣKη′)− 5m
2
K − 3m2π
9
)(
∆Kη
f 2
J¯Kη cos
2 θ08 +
∆Kη′
f 2
J¯Kη′ sin
2 θ08
)}}
+
3
8
(
1− M
2
V
2g2f 2
)2
∆Kη′
f 2
(
∆2Kπ
s
J¯Kπ +
∆2Kη
s
J¯Kη cos
2 θ08 +
∆2Kη′
s
J¯Kη′ sin
2 θ08
)
+
3c
4
(µη8 + µπ − 2µK)Q2
]
+ 2
√
2
3
Lr5
∆Kπ
f 2
sin θ08
+
√
3
2
sin θ08
∆Kη′
Q2
M2V
2g2f 2
[{
−4
3
7m2K −m2π
f 2
Lr5 −
8(2m2K +m
2
π)
f 2
Lr4 +
3c
4
(µη8 + µπ + 6µK)
}
+
(
M2V
2g2f 2
){m2K
f 2
Kr4 +
2m2K +m
2
π
f 2
Kr5 −
3
4
(µη8 + µπ + 2µK)
}]
. (E8)
The decay amplitude of the process K∗ → Kη′ is given as,
Tµ(K
∗+ → K+η′) = EKη′qµ +Qµ∆Kη′FKη′, (E9)
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with
EKη′ =
√
3 sin θ08
[
M2V
4gf 2
− g
2M2V
(1− M
2
V
2g2f 2
)(δA+Q2δB)
+
M2V
16gf 2
{
−3(µπ + µη8 + 2µK) + c(µπ + µη8 + 6µK)
− 32Lr4
2m2K +m
2
π
f 2
− 16Lr5
7m2K −m2π
3f 2
}
+
−g
2M2V
(Cr1m
2
K + C
r
2(2m
2
K +m
2
π))
− g
2M2V
(1− M
2
V
2g2f 2
)(−Q2)(δB − ZrV ) +
Cr3
8f 2
Q2
]
,
FKη′ =
√
3 sin θ08
[
− g
2M2V
(1− M
2
V
2g2f 2
)(δB − ZrV )−
Cr3
8f 2
− M
2
V
32gf 4
3c(Q2 − ΣKη′)
Q2
(
∆Kπ
∆Kη′
J¯Kπ +
∆KηJ¯Kη
∆Kη′
cos2 θ08 + J¯Kη′ sin
2 θ08
)
− M
2
V
32gf 4
5m2K − 3m2π
Q2
(
∆Kπ
∆Kη′
J¯Kπ − 1
3
(
∆KηJ¯Kη
∆Kη′
cos2 θ08 + J¯Kη′ sin
2 θ08)
)]
.(E10)
Using the K∗ → Kη′ decay amplitude, the contribution to the form factor is given by,
FK
∗
VKη′ = −2EKη′
G +Q2H
M2V + δA
,
FK
∗
SKη = −2G
∆Kη′
Q2
EKη′ +Q
2FKη′
M2V + δA+Q
2δB
. (E11)
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